Compact stars with significant high densities in their interiors can give rise to quark deconfined phases that can open a window for the study of strongly interacting dense nuclear matter. Recent observations on the mass of two pulsars, PSR J1614-2230 and PSR J0348+0432, have posed a great restriction on their composition, since their equations of state must be hard enough to support masses of about at least two solar masses. The onset of quarks tends to soften the equation of state, but due to their strong interactions, different phases can be realized with new parameters that affect the corresponding equations of state and ultimately the mass-radius relationships. In this paper I will review how the equation of state of dense quark matter is affected by the physical characteristics of the phases that can take place at different baryonic densities with and without the presence of a magnetic field, as well as their connection with the corresponding mass-radius relationship, which can be derived by using different models.
I. INTRODUCTION
The composition of neutron stars is still an open question. Propositions ranging from nuclear matter (possibly with hyperons and superfluid nucleons) to deconfined quark matter (in any of its possible phases as color superconducting or with inhomogeneous particle-hole pairing, etc.) are under exam. New data on masses and radii, transport properties, as well as the modeling of other phenomena as glitches, bursts episodes, etc., help to constraint the equation of state (EoS) corresponding to different matter phases that can prevail in their interior, but no firm conclusion has been drawn yet. In both, nuclear and quark matter descriptions, there still exist a few parameters to be adjusted, which should be further constrained by nuclear matter and heavy-ion collision data, so to be able to discriminate among the different star constituents, but their region of reliability at low temperature and large chemical potential poses a big challenge.
The proposition that quark stars could be a stable configuration for compact stellar objects has been around for almost 50 years [1] [2] [3] [4] . The idea is based on the fact that matter composed of up, down, and strange quarks, the so called strange quark matter (SQM), may have a lower energy per baryon number than the nucleon, thus being absolutely stable. More recent developments brought the idea that color superconductivity should be the favored state of deconfined quark matter, since the Cooper pair condensation lower the total energy per baryon number of the system [5] [6] [7] [8] . On this basis, many works have been done to study the characteristics of the EoS of the different phases of quark matter.
In this regard, recent data [9] [10] [11] have determined masses and/or radii for some compact objects with high precision (although some of these remain to be confirmed [12] ), rendering some information about the possible composition of these objects. In this scenario, the recent observation for the pulsar J1614-2230, a binary system for which the mass of the neutron star was measured rather accurately through the Shapiro delay yielding M = 1.97±0.04 M [11] , posed an important question about the existence of SQM. Of course the answer to this is directly related to the prevailing matter phase that can produce an EoS stiff enough to reach such large mass value.
In this paper, I am reviewing several results obtained in a set of papers that will be conveniently referred, where different approaches in describing the quark matter EoS were used. A main purpose will be to discuss some effects that can affect the stiffness of the EoS, so to determine if it is possible to reach the reported mass value M = 1.97±0.04 M . I will finish discussing the magnetic field effect on the EoS of quark matter in the color superconducting color-flavorlocked (CFL) phase, pointing out the new challenges that the presence of a magnetic field poses on the calculation of the M-R relationship.
II. BAG VS NJL MODEL IN THE CFL PHASE
In the study of the EoS of the possible matter phases that could form neutron stars, two frameworks have been mainly used: the MIT bag model and the Nambu-Jona-Lasinio (NJL) model. Both models are inspired in some of the fundamental properties of strongly interacting systems, although some aspects could be lacking.
The MIT bag model is a phenomenological model that was proposed to explain hadrons [13] . In this model, the quarks are asymptotically free and confinement is provided through the bag constant B, which artificially constrains the quarks inside a finite region in space. In the case of bulk quark matter, the asymptotically-free phase of quarks arXiv:1703.09270v1 [nucl-th] 27 Mar 2017 will form a perturbative vacuum (inside a "bag"), which is immersed in the nonperturbative vacuum. The creation of the 'bag" costs free energy. Then, in the energy density, the energy difference between the perturbative vacuum and the true one should be added. Essentially, that is the bag constant characterizing a constant energy per unit volume associated to the region where the quarks live. From the point of view of the pressure, B can be interpreted as an inward pressure needed to confine the quarks into the bag.
Let's consider now the difference between these two approaches in the case of SQM. For the free quark system, the thermodynamic potential is given in the MIT framework by
where
with i running for quarks u, d, s and electrons, and µ i being the corresponding chemical potential for each particle i. When the color superconducting pairing is considered in the CFL phase, which is the most stable phase at high densities [14] , the thermodynamical potential is assumed to be the sum of the one corresponding to the unpaired state (1), plus a gap (∆) depending term [15, 16] ,
The term i Ω i represents a fictitious non-paired state proportional to the volume of the Fermi sphere in which all quarks have a common Fermi momentum and the extra ∆-depending term represents a surface contribution of the Fermi sphere that is associated with the Cooper pair biding energy. Here, as in (1), B represents the bag constant contribution.
In the context of the NJL model, the thermodynamic potential of the CFL phase is given by [17] ,
are the quasiparticles dispersion relations. See that in (5) the particle masses are neglected at the high chemical potentials where the CFL phase is realized. In (4) a smooth cutoff depending on the effective-theory energy scale Λ was introduced to guarantee continuous thermodynamical quantities. The system EoS is then obtained from the thermodynamic potential as the relation between the energy density and the pressure, which for an isotropic system can be respectively obtained as
On the other hand, the mass-radius (M-R) relationship is obtained by integrating the relativistic equations for stellar structure, that is, the well-known Tolman-Oppenheimer-Volkoff (TOV) and mass continuity equations, which in natural units, c = G = 1 are given by with and P taken from (6) and (7) respectively. A fundamental difference between models (3) and (4) is related to the way the pairing term ∆ is implemented. In the MIT bag model the value for the gap parameter is fixed by hand, hence it does not explicitly depend on changes in other parameters characterizing the system. While in the NJL approach the pairing gap is self-consistently obtained through the gap equation
In this way, as it was shown in Ref. [18] , ∆ depends on the density and diquark coupling constant G, as can be seen in Fig 1. Thus, changing the coupling constant in this case from G = 4.32 to 7.10 GeV −2 , the corresponding gap parameters obtained at µ = 500 MeV change from ∆ = 10 to 100 MeV, respectively. We point out that the value G = 7.10GeV −2 is used with the only purpose of comparing the NJL results with the MIT ones, where the use of ∆ = 100 MeV is a common practice.
The EoS corresponding to NJL and MIT models are represented in the region of interest for SQM in Fig. 2 for two different values of the gap parameter. It can be observed that the splitting between the EoS for different ∆'s is more significant for the values introduced in the MIT model than in those obtained in the NJL model, although they are really significant only for high gap values. As it was found in [18] , in the MIT case, the higher the gap, the stiffer the EoS. Hence, as the mass supported by a given star configuration is related to the stiffness of the EoS, a higher value of the gap renders higher maximum masses for stable strange stars [8] . However, this is not the case for the NJL calculations. When a higher value of G is used, although the corresponding gap parameter increases for a fixed value of µ, the EoS does not change considerably and actually weakly softens in the region of interest for neutron star interior. Therefore, in the NJL approach it is not possible to increase the maximum star mass of strange stars even when one uses unphysically large values of the coupling constant as can be seen from Fig. 3 . The origin of the softening of the EoS in the CFL-NJL approach is due to the term 3∆ 2 /G that enters with a negative sign in the pressure.
As discussed in [18] , from a physical point of view, the increase of G beyond a certain value in the CFL-NJL model implies a softening of the EoS because for large enough G's the system begins to crossover from BCS to BEC [19] - [22] . The crossover is reflected in the decay of the system pressure, which is due to an increment in the number of diquarks that become Bose molecules and hence cannot contribute to the Pauli pressure of the system. As shown in Refs. [22, 23] , if the diquark coupling were high enough to produce a complete crossover from the BCS to the BEC regime, the pressure of the bosonic system at zero temperature would become zero implying a collapse of the stellar system.
To conclude this section, using Eq. (3) one can indeed increase the maximum allowed mass for CFL strange stars by using an arbitrarily high gap value to match the recent reported data in [9] - [11] . Nevertheless, this effect is not possible within the more consistent NJL approach (4), as can be seen in Fig. 3 , since to increase the gap the coupling constant should be increased and it tends to decrease the mass for a given radius. 
III. EOS OF THE CFL-GLUONIC PHASE
In the NJL approach, gluons degrees of freedom are usually disregarded as having a negligible effect at zero temperature. Nevertheless, as it was shown in Ref. [24] , gluons can affect the EoS of the CFL phase. The reason is that, as shown in [25] , the polarization effects of quarks in the CFL background embed all the gluons with Debye (m D ) and Meissner (m M ) masses that depend on the baryon chemical potential,
Here, N f is the number of flavors of massless quarks, and g the quark-gluon gauge coupling constant. As a consequence, the gluons in the CFL phase have nonzero rest energy that produces a positive contribution to the system's energy density and consequently a negative contribution to the pressure.
To consider the gluon effect into the system EoS we started in [24] from the three-flavor gauged-NJL Lagrangian at finite baryon density, which is invariant under
In (12), the quark fields ψ a i have flavor (i = u, d, s) and color (a = r, g, b) indexes. Here, the coupling G S is associated with the quark-antiquark channel, the coupling K with the 't Hooft determinant term that excludes the U A (1) symmetry [26] , the coupling G D with the diquark channel P η = Cγ 5 abη ijη and the coupling G V with the repulsive vector channel. This last interaction term naturally appears after a Fierz transformation of a point-like four-fermion interaction with the Lorentz symmetry broken by the finite density [27] . We are neglecting the current quark masses m 0i since our main domain of interest will be the CFL phase with µ m 0i . The gluon Lagrangian density L G is
with
, the gluon strength tensor; L gauge , a gauge-fixing term; and
, the ghost-field Lagrangian. The coupling between gluons and quarks occurs through the covariant derivative
where (12) is nonrenormalizable due to the four-fermion interaction terms, so a cutoff Λ needs to be introduced in all the calculations to regularize the theory in the ultraviolet region. The parameter Λ defines the energy scale below which this effective theory is valid.
We want to consider the region of densities large enough to have a CFL phase, where the chiral condensate has already vanished and hence only the expectation values for the diquark condensate ∆ η = ψ T P η ψ and the baryon charge density ρ = ψ γ 0 ψ should be considered. One can now bosonize the four-fermion interaction via a Hubbard-Stratonovich transformation and then take the mean-field approximation to obtain the zero-temperature thermodynamic potential [24] ,
where the quark, gluon and vacuum contributions are given respectively by
with energy spectra
and dynamical quantities, ∆ and ρ, found from the equations, We have that, as the mean value ψ γ 0 ψ enters in the covariant derivative as a shift to the baryon chemical potential, the effective chemical potential for the baryon charge is now µ = µ − 2G V ρ instead of µ. Moreover, while the solution of the gap equation (first equation in (20)) is a minimum of the thermodynamic potential, the solution of the second equation is a maximum [28] , since it defines, as usual in statistics, the particle number density ρ.
To find the EoS of this system we need the corresponding pressure P and energy density , that can be found from the thermodynamic potential (15) as
Notice that the chemical potential that multiplies the particle number density ρ in the energy density isμ instead of µ. This result can be derived following the same calculations of Ref. [29] to find the quantum-statistical average of the energy-momentum tensor component τ 00 .
In (21), we added, as usual, the bag constant B (B 0 is introduced to ensure that = P = 0 in vacuum). As we already pointed out, in the MIT bag model, B was introduced as a phenomenological input parameter to account for the free energy cost of quark matter relative to the confined vacuum [13] . Nevertheless, in the NJL model, the bag constant can be calculated in the mean-field approximation as a dynamical quantity related to the spontaneous breaking of chiral symmetry [30] . Following this dynamical approach, we showed in [24] that the bag constant in this case is given by B = 0 and the only remaining bag parameter in (21) is B 0 , which is written as
with the same vacuum dynamical mass for the three quarks found from
For the parameter set under consideration one obtains B 0 = 57.3 MeV/fm 3 [30] , which is a value very close to what we were using in Section 2. Nevertheless, we should underline that in this calculation no contribution associated with the confinement/deconfinement phase transition has been taken into account.
Then, the EOS for a range of G V with and without the gluon contribution to the thermodynamic potential was found in [24] and is plotted in Fig. 4 . As can be seen by comparing the two panels, the inclusion of gluons' degrees of freedom soften the EOS. Only for relatively high values of G V the EOS of the CFL matter with gluons becomes stiffer than the EOS of the regular CFL matter with no gluons and no vector coupling, at least in the energy density region relevant for compact stars. Moreover, if we compare the curve for the CFL matter at certain value of G V with the corresponding one including gluons and the same coupling value, the former will be stiffer than the second one, independent of the G V value. We can also note that with the increase of the energy density the shift in pressure due to a change in G V for CFL matter with gluons increases for the same value of energy density. On the other hand, while at energy densities smaller than 500 MeV/fm 3 there is a negligible change even for G V /G S = 0.5, at = 1500 MeV/fm 3 , the jump in pressure is really noticeable. This is a natural result, since the effect of the vector interaction is proportional to the baryon density and should be more significant in the high density region. Now it can be calculated the M-R relationship for strange stars made of CFL matter with gluon contribution by using Eqs. (8) and (9) . The corresponding M-R sequences found in [24] are shown in Fig. 5 for the EoS of quark matter with (right panel) and without (left panel) the gluon contribution. Comparing them, it is evident that the gluons decrease the maximum mass for each sequence up to 20%, an effect that turns more prominent for lower values of the vector interaction. Sequences including gluons cannot reach 2M if G V /G S < 0.2. Here, it is important to point out that several results actually suggest that a low vector coupling between quarks may be favored at high-densities [31] . Even more, as discussed in [32] , the vector interaction makes the chiral phase transition weaker in the low T and high µ region, with the possibility that the transition becomes a crossover in the region when the interaction is strong enough [28, 33] , what is not expected from Lattice calculations. Then, the absence of the vector interaction would be preferable in the high density region. The same conclusion was posed by studying the phase transition from the hadronic phase to the quark phase in Ref. [34] . There, it was found that the hadron-quark phase transition may take place only at small G V /G S ratio. For larger ratio, the repulsive vector interaction makes the NJL phase too stiff to cross to the hadronic phase. However, taking a zero vector interaction for quark matter and further considering effects which soften the quark matter EOS, like diquark condensation, there could be a phase transition.
Then, if it is needed to consider a very weak or even zero vector interaction for high-dense quark matter, gluon effects would rule out stars composed entirely of CFL matter. More precisely, stars composed entirely of CFL quark matter with gluons, within the formalism presented here, should be disregarded if G V is sufficiently low, as they cannot explain the mass measurements of the mentioned compact stars PSR J1614-2230 and PSR J0348+0432.
IV. EOS OF MAGNETIZED QUARK MATTER
In the presence of a uniform magnetic field H, the EoS becomes anisotropic [29] . In this case, the pressure of the system develops a splitting in the directions parallel and perpendicular to the applied field. This splitting has to be taken into account in the EoS, which is then modified from the usual form into 
where Ω is the thermodynamical potential evaluated at the physical minimum, ρ = −∂Ω/∂µ is the particle density, ε the energy density and M = −∂Ω/∂H the system magnetization.
In the case of SQM in the color superconducting phase, the magnetic field gives rise to a new phase that is called the magnetic CFL (MCFL) phase (see for review [35] and references therein). In this case the thermodynamic potential is given by [17] Ω M CF L = Ω C + Ω N (27) with
and
being the dispersion relations of the charged (c) and neutral (0) quarks. In the above we used the notation ∆
In this formulation we are neglecting again the quark masses since they are too much smaller than the chemical potential at the densities under consideration. Also we are not considering the possible effect of the magnetic field interaction with the quark anomalous magnetic moment, since as proved in [36] it has a negligible effect. Even the third gap appearing in the MCFL phase, which is associated to the Cooper condensate magnetic moment [37] is not taken into consideration because it is only relevant at extremely high magnetic fields when the particles are confined to the lowest Landau level. The MCFL gaps ∆ and ∆ H correspond respectively to the (d, s) pairing gap, which takes place only between neutral quarks, and to the (u, s) and (u, d) pairing gaps, which receive contribution from pairs of charged and neutral quarks. The separation of the gap in two different parameters in the MCFL case, as compared to the CFL, where there is only one gap, reflects the symmetry difference between these two phases [38, 39] . Here again, Λ-dependent smooth cutoffs were introduced. The notation, H, is used for the in-medium rotated magnetic field that due to his long-range nature can penetrate the color superconductor [40] .
The EoS, corresponding to Eqs. (24)-(26) evaluated in the solutions of the gap equations
are plotted in Fig. 6 . There, we can see that in the presence of a magnetic field the EoS becomes highly anisotropic. While for the parallel pressure the magnetic field shifts the EoS curve above the zero-field one, for the parallel pressure the magnetic field effect is the opposite. Moreover, the magnetic-field effect is much significant for the − p relationship than for the − p ⊥ one. At H ∼ 10 18 G, the shift in the energy density with respect to the zero-field value is ∼ 200 MeV/fm 3 for the same pressure in the parallel-pressure case, while this field effect is too much smaller for the same range of field values in the perpendicular-pressure case. Now we can use the obtained EoS to obtain the M-R relationship through the TOV equations (8)- (9) for the parallel and perpendicular pressures independently. The results are plotted in Fig. 7 . There we can see that the effect of the parallel pressure is to increase the star mass for a given radius, while the perpendicular pressure tends to decrease the mass for the same radius. Hence, the anisotropy of the magnetized EoS opens an interesting question in regards to the calculation of the star M-R relationship, since each pressure has an opposite effect. To solve this paradox it will be needed to find an alternative formulation that includes the anisotropy from where to obtain the M-R relationship, since the TOV equations (8)- (9) were obtained under the supposition that the system has an isotropic configuration.
V. SUMMARY
In this paper it was reviewed the EoS's of quark matter under several conditions and following different approaches with the goal to see under what conditions the observed mass value M = 1.97±0.04 M can be reached.
First, the results for the EoS in the MIT bag model was compared to those of the NJL model. It was shown that while in the MIT model the introduction by hand of a large gap produces a stiffer EoS, when in the NJL model it is increased the gap self consistently by strengthening the diquark-diquark coupling the EoS becomes softer. This last effect is associated with the fact that a strong coupling can produce a BCS-BEC crossover with a decrease of pressure in the BEC phase. This result implies that to use the MIT bag model with large gap values to predict stellar masses can be misleading. Also, it is worth to notice that the maximum value of the mass that can be reached in both models is sensitive to the used bag constant value.
Then, it was consider the effect of gluons in the EoS of dense quark matter in the CFL phase at zero temperature. Since in this phase the gluons acquire Debye and Meissner masses they can contribute to the thermodynamic potential calculated in the framework of the gauged-NJL model. The gluon masses increase the system rest energy at zero temperature and hence decrease the pressure. As a consequence, the gluon effect softer the EoS in such a way that only for values of the coupling constant associated with the vector-vector interaction, G V , larger than a certain critical value, the system can reach the observed stellar mass value M = 1.97±0.04 M .
Also, the effect of a strong magnetic field on the EoS and M-R relation for CFL matter was discussed. The main result is that a sufficiently high magnetic field produces a big anisotropy in the EoS that prevents the use of the TOV equations to study the M-R relationship in those conditions, since the TOV equations were derived for an isotropic medium with spherical symmetry. Moreover, it is known that at sufficiently high H new phases of dense quark matter can take place [41] , as for example, a paramagnetic phase with a ground state of gluon vortices that are formed at rotated magnetic fields higher than the gluon Meissner mass square [42] - [43] . How this magnetic phase can affect the EoS of dense quark matter is an open question.
Finally, to extrapolate the results presented here to hybrid stars, other quark phases that are more likely to be realized at the moderated-high densities that can prevails in the core close to the transition from the existing nuclear matter in the envelope, should be considered. Other phases of quark matter, as 2SC at strong coupling with [44] or without [45] magnetic field, or the magnetized neutral DCDW phase [46] , are good candidates in this context.
